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Abstract
Two distinct asymptotic solutions of the inviscid Boussinesq equations for a steady helical baroclinic Rankine-like vortex with pre-
scribed buoyancy forcing are considered and critically compared. In both cases the relative distribution of the velocity components
is the same across the vortex at all altitudes (the similarity assumption). The ﬁrst vortex solution demonstrates monotonic growth
with height of the vortex core radius, which becomes inﬁnite at a certain critical altitude, and the corresponding attenuation of the
vertical vorticity. The second vortex solution schematises the vortex core as an inverted cone of small angular aperture. These
idealised vortices are then embedded in a convectively unstable boundary layer; the resulting approximate vortex solutions have
been applied to determine the maximum rotational velocity in vortices. Both models predict essentially the same dependence of
the model-inferred peak rotational velocity on the swirl number (the ratio of the maximum swirl velocity to the average vertical
velocity in the main vortex updraft). The helicity budget of the vortex ﬂow is analysed in detail, where applicable.
c© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of K. Bajer, Y. Kimura, & H.K. Moffatt.
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1. Introduction
When developing his famous vortex atom theory, Lord Kelvin [1] examined the vibrations of a columnar vortex.
After deriving the equations describing the evolution of disturbances on a vortex in the general case, he examined
several particular cases and gave analytical predictions concerning the vibration frequencies. One of these particular
cases corresponded to a “core of uniform vorticity (that is to say, rotating like a solid), surrounded by irrotationally
rotating liquid with no slip at the interface” (see also, [2]). This vortex model is now known as the Rankine vortex and
the waves sustained by it are called ‘Kelvin vortex waves’ . The problem initially considered by Lord Kelvin still has a
variety of applications, including the dynamics of tornadoes and dust devils (about these vortices and their theoretical
models see, e.g., [3],[4] etc.). Much effort has been applied at identifying and describing vortex instabilities. One of
the instabilities, which has received particular interest, occurs in the presence of a core axial ﬂow within the vortex
(see, e.g., [5],[6] and references therein). For such a vortex, axisymmetric neutral Kelvin vortex waves have been
studied by [7] and [8] (among others) in the context of the vortex breakdown phenomenon, which is related to a
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transition from a supercritical state (where axisymmetric waves only propagate downstream) to a subcritical state
(where axisymmetric waves propagate both upstream and downstream).
This work aims at considering – in a Boussinesq ﬂuid – the combined effect of a core axial ﬂow and of an axially
directed buoyancy force b, which is also conﬁned to the vortex core. We chose not to consider in detail the vortex
thermodynamics and treat a ﬂuid dynamical problem with prescribed buoyancy forcing. Complete similarity of the
velocity proﬁle at different cross-sectional levels is assumed. This similarity assumption makes the system of ﬂuid
dynamical equations manageable and eventually goes back to [9], who solved a mathematically similar magneto-
hydrostatic problem for sunspots.
The paper is organized as follows. Starting from a more general ﬂuid dynamical formulation of §2, we ﬁrst brieﬂy
re-visit the main results of [10] who used the similarity assumption for constructing a simple steady axisymmetric ‘dry
convective Rankine vortex’ model (§3). The vortex breakdown and subsequent truncation of the constructed idealized
asymptotic solution to be further imbedded in the convectively unstable boundary layer are also considered in §3.
An alternative simple vortex model based on a different application of similarity principles is proposed in §4. The
principal model predictions of §4 closely coincide with those of §3, but the newly proposed model is advantageous
from the perspective of balancing the helicity budget. §5 summarizes the main results of the study. Supplementary
materials are put into the Appendix.
2. Preliminaries
A steady axisymmetric inviscid vortex ﬂow of a Boussinesq ﬂuid is described by the equations
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Polar cylindrical coordinates with r as the radius and z as the altitude are used; the axis of symmetry of the vortex
ﬂow coincides with r = 0. In equations (1)-(4), u, v, w are the radial, tangential and vertical velocity components,
correspondingly;  is the pressure in kinematic units, i.e. divided by the mean ﬂuid density, and b is the buoyancy,
such that b = bk, where k is the unit vector in the vertical direction.
The stream function ψ of meridional circulation is introduced, such that ru = −∂zψ and rw = ∂rψ and (4) is
satisﬁed identically. The thermal wind equation follows from (1), (3) and (4),
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Here, z− and z+ are two arbitrary altitudes (z− < z+) and ωz is the vertical component of vorticity. It is used
that b, u and w are regular at r → ∞. Equations (6) and (7) generalize the zeroth and ﬁrst moments of the thermal
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wind equation for a cyclostrophically and hydrostatically balanced vortex ﬂow, as given in [11]. Equation (6) relates
to the difference, between altitudes z− and z+, of the so-called speciﬁc energy of displacement [12], or in other terms,
of the pressure deﬁcit in the vortex center. Equation (7) corresponds to the helicity balance equation for the steady
axisymmetric ideal vortex ﬂow considered. Further details are provided in the Appendix.
3. Self-similar vortex solution
3.1. General formulation
Hereafter, we brieﬂy re-examine a special case when the relative distribution of velocity components is the same
across the vortex at all altitudes (the similarity assumption). We use u = −F (x) ry′, v = G (x) ry, w = 2F (x) y,
where F and G are differentiable functions. Here, y = r−2m (z) and x = r
2y, where rm (z) stands for the radius of
maximum (tangential) winds at each horizontal level. Substitution of y = ζ2 and the above formulas into (6), if only
F 2x → 0 at x → ∞, yields (cf. [10]){
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It is assumed hereafter that the tangential velocity v at each horizontal level has a proﬁle which is characteristic for a
Rankine vortex, with solid-body-like rotation in the vortex core at r < rm (z) and irrotational motion outside the core.
The radius of the vortex core rm (z) is a monotonic increasing function of z. At each altitude the maximum tangential
velocity equals vm (z) = Γ/rm (z) and the speciﬁc angular momentum Γ is uniform at the vortex core edge. The
axial velocity w is uniform inside the vortex core at each horizontal level and corresponds to an updraft ﬂow; in the
peripheral ﬂoww ≡0. The total vertical volumetric ﬂuxQ is height-constant. In synthesis, F (x) = Q/2π,G (x) = Γ
at x ≤ 1 and F (x) = 0, G (x) = Γ/x at x > 1 for this vortex model. Substituting the above formulas into (8) yields(
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In the following, the upper limit of integration in (9) is ﬁxed, but the lower integration limit is taken variable.
Now, (9) relates the vertical proﬁle of buoyancy at the vortex axis, b (0, z), to the vortex core constitution codiﬁed in
ζ (z)-terms. The morphologically simplest solution of (9) corresponds to
ζ = (h− z) /a2 (10)
([10]), where a = const, z− = z, and z+ = h = const are used in (10). In this case,
rm (z) = a
2/ (h− z) (11)
describes a vortex whose core unlimitedly expands in radius when approaching the singular level (horizon) z = h. In
applications to the meteorology, the singular level z = h can be associated with the height of a temperature inversion,
which caps the convectively unstable boundary layer, whereas the ground surface is located at z = 0. Consistently
with this, we truncate our vortex at an altitudinal level z = δ  h, where the Rankine-like vortex described by (11)
is nearly columnar, and identify this level with the vortex breakdown region. If applied at z = δ, the model equations
yield
V 2m =
b (0, δ) (h− δ)
2 (1− α2) . (12)
Here, Vm ≡ vm (δ) = Γ/rm (δ) ≡ Γ/Rm is the peak tangential velocity in the vortex and the helical parameter
α = W/Vm (W ≡ Q/πR2m) is the reciprocal to the commonly used swirl ratio S.
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3.2. Vortex breakdown
The vertical momentum ﬂux in the vortex ﬂow has the same value below and above the breakdown level (z1 < δ <
z2),
2π
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rdr
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z2
z1
= 0.
It is common that the vortex breakdown zone B, between two horizontal surfaces z = z1, z2, is so thin that a
jump in the momentum ﬂux across B due to the buoyancy force action is negligible. Therefore, X−11 + logX1 =
X−12 + logX2, or equivalently,
X1 log
X2
X1
+
X1
X2
− 1 = 0, (13)
where
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π2Γ2r21,2
2Q2
≡ 1
2α21,2
. (14)
Here, shorthand notations r1,2 = rm (z1,2) are used and constancy of the the vertical volumetric ﬂux is also
accounted for. Equation (13) always has a solution X1 = X2; a second solution ξ ≡ X2/X1 > 1 describing the
vortex breakdown (sudden expansion in the vortex core radius when traversing from z = z1 to z = z2) emerges when
X1 < 1, or α21 > 1/2. (15)
In this case, two conjugate states exist ([14]): a supercritical one (below zone B) and a subcritical one (above
zone B). A critical value for the vortex breakdown is X1 = 1, or α1 = 1/
√
2, i.e. the swirl ratio in the upstream
(‘supercritical’) vortex ﬂow equals S1 =
√
2. We use in (12) the critical value α2 = α21,2 = 1/2 in order to obtain
V 2m = b (0, δ) (h− δ) . (16)
It provides the maximum azimuthal velocity for the ﬁxed “buoyancy moment”, b (0, δ) (h− δ). If the surface
adjacent Rankine vortex-like convective swirling plume were supercritical, α21 > 1/2, then it would experience
breakdown and a value α22 < 1/2 would occur for a subcritical baroclinic vortex above the breakdown level. Now,
(12) predicts V 2m < b (0, δ) (h− δ) and in the limit α22  1/2 one gets
V 2m ≈ (1/2) b (0, δ) (h− δ) . (17)
The vortex breakdown is accompanied by an irreversible energy loss within B, and the vertical energy ﬂux experi-
ences a negative jump across B:
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This formula can equivalently be written using (13) as
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For X2 > X1 this shows that ΔJz < 0 (Figure 1).
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Fig. 1. Conjugate states of a Rankine vortex with a core axial ﬂow, see (13) and Fig.10 in [14], and the taken with the opposite sign, non-
dimensionalized vertical energy ﬂux jump across the breakdown level, DJz = −ΔJz 8Qπ2Γ4 .
The same results (13)-(15) hold for a simple vortex model in [13], (see, [14]) when the upstream, supercritical core
is idealized as a nonrotating uniform axial ﬂow surrounded by a potential ﬂow in which there is no axial ﬂow; all the
vorticity is then conﬁned to a cylindrical vortex sheet at rm.
Formulas (16) and (17) are reminiscent of the thermodynamically derived formula in [15] (see also, [16]) for the
wind speed around the dust devil. More generally, the maximum wind speed, as shown in (16), (17) may be referred to
as the ‘thermodynamic speed limit’ in intense atmospheric vortices, particularly in tornadoes (cf. [14], and references
therein). The obtained dependency of Vm on the helical parameter α in the permitted range 0 < α < 1/
√
2 is similar
to a distinct peaking of tornado-like vortex intensiﬁcation for corner swirl ratio Sc around 1.4-1.5 in ([17]; Fig. 8),
especially if expressed in terms of the pressure minimum.
The vertical position of the singularity, z = h, provides a useful approximation to the vortex height, which con-
stitutes one of potential merits of the self-similar solution obtained. On the other hand, this singularity leads, inter
alia, to difﬁculties in balancing the helicity budget for our vortex solution; see more in §4.2. An alternative, also
morphologically very simple, vortex solution is proposed in §4, which is free from the aforementioned difﬁculties but
also contains an intrinsic measure of the vortex vertical extension. It will enable us to derive a formula for the vortex
peak (rotational) wind speed, which is isomorphic to (12).
4. A ‘vortical cone’ model
4.1. General formulation
Consider, for the moment, a generalized Rankine vortex, when v (r, z) = Γr/r2m (z) for r ≤ rm (z) and v (r, z) =
Γrβ−1m (z) /r
β at r > rm (z). Here, 0 ≤ β ≤ 1 and β = 1 corresponds to a Rankine vortex with irrotational ﬂow
periphery. The radius of the vortex core linearly increases with height, rm (z) = c (z + d); a constant multiplier
c ≡ tan γ stands for the tangent of a generally small angle γ and d is a constant. As in §3, the maximum tangential
velocity is given by vm (z) = Γ/rm (z), and Γ = const at the vortex core edge. The vortex core represents an inverted
cone with its apex at the point O at z = −d, i.e. below the ground level z = 0, but only non-negative z–values are
ascribed physical meaning (Figure 2).
Like e.g. in [18], the meridional circulation in the vortex core corresponds to a plume ejected from a virtual mass
source in O. It is assumed hereafter that this ﬂow is irrotational, ωϕ = 0. Outside the vortex core the meridional
circulation is absent and the meridional velocity is discontinuous (ωϕ is singular) at the vortex core edge1. For
1 This idealisation does not go beyond assumptions made in the literature on Rankine vortices with a core axial ﬂow (see, e.g., [5], [6] and
references therein). The assumptions of §§3.1 and 4.1 about the meridional circulation in the vortex have a model-enforced character, making
possible to satisfy (5) for piecewise buoyancy ﬁelds (26) and (27), but they are consistent with the structural properties of the combined Rankine
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Fig. 2. Schematic of the vortex of §4: the virtual source of mass of intensity Q is located at point O; a bold solid horizontal line AB depicts
the Earth’s surface; a thin solid line corresponds to the vortex breakdown level z = δ. Horizontal arrows show a converging airﬂow within the
surface-adjacent layer, which is necessary in reality to close the mass balance in the vortex central updraft.
r ≤ rm(z) ≡ c (z + d) the streamlines ψ = const of meridional circulation are straight lines, i.e. u/w = r/ (z + d)
and
u =
Kr
(z + d)
3
{
1 +
r2
(z + d)
2
}−3/2
(18)
where K is speciﬁed through the parameter c and the total volumetric ﬂux Q, 2πK
{
1− (1 + c2)−1/2} = Q;
u = w = 0 at r > rm(z) ≡ c (z + d). Now, the general technique of §3 is applied, this time for F (x) =(
Kc2/2
) (
1 + c2x
)−3/2
, see (18), G (x) = Γ at x ≤ 1 and F (x) = 0, G (x) = Γ/x(β+1)/2 at x > 1. Taking
z− = z, z+ = ∞ in the integration limits in (9) and substituting the above formulas we obtain
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c2 (z + d)
2 ·
β + 1
2β
− 1
2
K2
(z + d)
4 ·
1
(1 + c2)
2 =
∫ ∞
z
b (0, z) dz (19)
An alternative, and in this particular case more direct, way to prove (19) is, inter alia, to (i) introduce a new variable
ξ = r/ (z + d), such that ψ = ψ (ξ), (ii) extrapolate (18) onto the entire space by replacingK → K { 1−H (ξ − c)},
where H is the Heaviside step function where the half-maximum convention has been used, (iii) express both w and
ωϕ in terms of the derivatives ψ′ (ξ) and ψ′′ (ξ), and (iv) substitute these expressions into (9) by taking into account
only those terms in ψ′′ (ξ) which contain Dirac’s delta distribution δ (ξ − c) = H ′ (ξ − c), because ωϕ ≡ 0 if ξ 	= c.
In particular, for z = δ  d, i.e. when taken at the truncation level above the ground, cf. §3, one has
V 2m
(
β + 1
2β
− α
2
2
)
=
∫ ∞
δ
b (0, z) dz,
where Vm ≡ vm (δ). The helical parameter α is again introduced such that W ≡ w (0, δ) ∼= K (d+ δ)−2 ≡ αVm
and an assumption c2  1 is made both here and in the remainder of §4. So, Rm ≡ rm (δ) = c (d+ δ)  d+ δ ≈ d
and we identify d with the effective height of a slender vortex whose vertical extension greatly exceeds its radius.
The proposed model adequately describes rope-type dust devils and waterspouts, in distinction to more diffuse and
turbulent vase-type dust devils (cf. [19]; see also [20]). We further differentiate both sides of (19) with respect to z
and take the resulting formula at z = δ in order to obtain
V 2m =
1
2
b (0, δ) (d+ δ)
(
β + 1
2β
− α2
)−1
, (20)
vortex and in no way diminish the role of vertical vorticity ωz . When multiplied by the corresponding velocity components, v andw, and integrated
over the ﬂow domain, ωϕ and ωz make equal contributions to the total helicity of the vortex ﬂow, see §4.2.
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where O
(
c2
)
terms are neglected. For the Rankine vortex with an irrotational ﬂow periphery (β = 1), formula (20)
reads
V 2m =
b (0, δ) (d+ δ)
2 (1− α2) , (21)
which coincides with (12) if we identify d+ δ ≈ d with h− δ ≈ h. All arguments of §3.2 that are relevant to (12) are
equally applicable to (21). In the following we shall focus solely on the case of β = 1.
4.2. Helicity budget
The next step is to take z− = z, z+ = ∞ in (7) and substitute our vortex solution into its right-hand side. In this
way, we evaluate the downward ﬂux of helicity S (z) at an arbitrary altitude which is above or is approaching the level
z = δ. For the self-similar velocity representation one has (see also [21])
S(z) =
4π
3
ζ2
∫ ∞
0
G3xdx+ 8πζζ ′′
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0
GF 2xdx− 8πζ ′2
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0
F 2
d (Gx)
dx
xdx− 8πζ4
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0
F 2
d (Gx)
dx
dx. (22)
Direct substitution of our vortex solution into (22) taken at z = δ yields
S ≡ S (δ) = 2πV 3mRm
(
1− α2) (23)
where Vm is given by (21), Rm ≡ Γ/Vm and O
(
c2
)
terms are neglected 2. Formula (23) can more immediately be
proven by starting directly from (7) and by following the methodology outlined in §4.1; see the text below (19). Total
helicity H of the vortex ﬂow is buoyantly produced at the same rate S within the vortex core at δ < z < ∞, due to
the correlation of buoyancy and vertical vorticity there (see the ﬁrst right-hand-side term in (A1)). The total helicity
H reads (cf. [22]),
H =
∫∫∫
V
(v · ∇ × v) dV (24)
where the integration is extended over a semi-inﬁnite space V above the plane z = δ. Substituting our vortex solution
into (24) and upon neglecting O
(
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)
terms yields
H = 2π
∫ ∞
0
∫ ∞
δ
{
−u∂v
∂z
+ v
∂u
∂z
− v ∂w
∂r
+
w
r
∂
∂r
(rv)
}
rdrdz ∼= 4παV 2mRm (d+ δ) . (25)
The azimuthal and the vertical contributions to helicity make equal contributions to (25), whereas the radial contri-
bution to helicity plays a negligible role for the considered slender vortex. Consistent with general considerations in
[22], the helicity H in (25) equals the double product of Kelvin’s toroidal circulation, Kt = 2π VmRm, and Kelvin’s
poloidal (meridional) circulation, Kp ≈ αVm d.
With good accuracy, (23) is applicable to the vortex of §3. A minor discrepancy is due to a weak artiﬁcial upward
ﬂux of helicity, S′ = −Q2Γ/πa4, which adds to (23) and manifests itself at all altitudes including the singular level
(horizon) z = h (see more in [21]). The total helicity H of the idealized vortex ﬂow of §3 is inﬁnite, due to an
increasingly growing contribution from the vωϕ-product when z → h.
For a slender helical baroclinic Rankine vortex the vertical component Sz = −2π Γ3r2m
(
1− α2) of the helicity ﬂux
vector S, see Appendix, is proportional to the vertical energy ﬂux Jz = − Γ
2Q
4πr2m
(
1− α2): Jz = (Q/8π2Γ) Sz; note
that Sz ≡ −S, see (22) and Appendix. The energy loss within the vortex breakdown region is simultaneously and
exactly to the same extent accompanied with the helicity loss. If a ‘supercritical’ Rankine vortex develops near the
heated earth surface then it experiences breakdown at an elevation z = δ above the ground. Above the breakdown
2In general cases, S = 2πV 3mRm
{
β+1
3β−1 − α2
(
1 + c2
)−2} , where 1 ≥ β > 1/3 . Note that (25) is valid for β = 1 , as well.
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Fig. 3. Dependency of Y = R2mζ
2 (ordinate) on Z = (z − δ)/(h − δ) (abscissa) for an adiabatic vortex ﬂow with α = 1/2, h − δ = 10Rm
and b (0, z) = Γ2R−2m (h − δ)−1(1 − 0.5α2) = (7/80)Γ2R−3m at δ < z < h; see notations in §3.1. Eq. (9), re-written in terms of Y (Z)
-variable, was numerically integrated (with the use of Maple 10 software) by the shooting method starting from Y (0) = 1 and aiming at satisfying
the boundary condition Y (1) = 0.
level the emerging ‘subcritical’ vortex is shaped by the baroclinicity; cf (12) and/or (21). For 1/2 < α21 < 1 the main
energy/helicity sink occurs within the vortex breakdown zone and also in the adjacent surface boundary layer, because
the energy (helicity) ﬂux below the breakdown zone is directed downward.
A ﬁnal remark is worthwhile. For the vortex solutions of §§3 and 4 the buoyancy ﬁeld b (r, z) is inferred from (5):
b (r, z) =
{
2Γ2a−2 (h− z) [1− r2/r2m (z)]− (2/π2)Q2a−8 (h− z)3 , r ≤ rm (z)
0, r > rm (z)
(26)
and (c2  1)
b (r, z) =
{
2Γ2c−2 (z + d)−3
[
1− r2/r2m (z)
]− (2/π2)Q2c−4 (z + d)−5 , r ≤ rm (z)
0, r > rm (z)
(27)
correspondingly. It matches b (0, z)-functions which can be found from (8) for the considered vortex solutions. There
is a discontinuity in b at the vortex core edge. When substituted into the thermodynamic equation (which we do not
consider here) (26) and (27) reveal rather complex diabatic forcing (basically diabatic cooling) which is necessary to
support the main vortex ﬂow. On general grounds one might prefer considering nearly adiabatic vortex ﬂows. Now,
the vortex shape can be determined numerically from (9) and the correspondingly reduced thermodynamic equation:
for adiabatic vortices, with the height-constant buoyancy at the vortex axis, the solution appears qualitatively similar
to that described in §3 (Figure 3). Though slightly convex downward, the plot in Figure 3 is close to a straight line,
Y = 1 − Z, i.e. rm (z) ≈ const(h − z)−1/2. However, in the vicinity of Z = 1 (z = h) this simple approximate
solution cannot be valid – because it would lead to the singularity in the ﬁrst left-hand-side term in (9) – and a proper
inner solution of (9) should be considered there. As the result, the ’global solution’ of (9) in an adiabatic case lacks
simple analytical formulation .
5. Conclusions and outlook
The main results of this study can be summarised as follows.
Two alternative steady axisymmetric asymptotic solutions to the inviscid Boussinesq equations have been consid-
ered, aiming at a critical comparison between them. In both cases the relative distribution of the tangential velocity is
the same across the vortex at all altitudes (the similarity assumption). More speciﬁcally, it corresponds to the Rankine
vortex. The ﬁrst vortex solution (see §3) was originally introduced in [10] and has been deduced here based on a
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uniﬁed approach of §2. It uses the similarity assumption for the radial (u) and the vertical (w) velocity components
and demonstrates monotonic growth with height of the vortex core radius, which becomes inﬁnite at a certain critical
altitude (horizon) h. The second, newly proposed, vortex solution of §4 schematises the vortex core as an inverted
cone of small angular aperture with u and w ﬁelds corresponding to a plume ejected from a virtual source of mass
at the cone apex, at the depth d beneath the ground. The parameter d stands for the characteristic scale-height of the
vortex ﬂow.
Both idealised vortices have been embedded in a convective boundary layer. The inviscid vortex solutions have
been truncated at a small height δ over the ground at which the vortex breakdown takes place. They model the main
vortex ﬂow above the regions immediately affected by the ground and also the exhaust region in a dust devil-like
vortex .
The two distinct vortex models predict essentially the same dependence of the model-inferred peak rotational
velocity Vm on the swirl number S (the ratio of Vm to the average vertical velocity in the (‘subcritical’) main vortex
updraft ﬂow just above the vortex breakdown region), requiring S >21/2 and giving a maximum attainable velocity
when S approaches 21/2. The overall model inferences are virtually identical for slender, rope-like, vortices when
h = d  δ; cf. (12) versus (21).
The helicity budget for the vortex solution of §4.1 has been successfully balanced (§4.2), whereas for the vortex
solution of §3 this analysis would meet certain conceptual difﬁculties, due to the model singularity at z = h (see
§4.2).
Summarizing, two distinct analytical models of tornado- and dust devil-like vortices can be constructed for swirl
ratios greater than unity that have common generic features and hint that the revealed functional dependencies between
vortex parameters is a robust feature of tornado and dust-devil modeling.
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6. Appendix
Under the Boussinesq approximation and neglecting the Coriolis force, the helicity balance equation can be written
in the following form (cf. [21], [23])
∂
∂t
(v · ω) +∇ · S = 2ω · b+ 2ω · F, (A1)
S = 2v (v · ω)− 2ωv2 − 2b× v − 2F× v + ∂tv × v. (A2)
Here, v is the velocity, ω = ∇×v the vorticity, b the buoyancy vector oriented along the gravity acceleration, and
F schematically represents turbulent viscous forces. Formula (A2) for the helicity ﬂux vector S is most convenient
for the study of steady vortex ﬂows, since the last right-hand-side term in (A2) vanishes. For inviscid ﬂuid ﬂows the
fourth right-hand-side term in (A2) is identically zero and the vertical component of the third right-hand-side term in
(A2) vanishes too. So, the vertical S-component is given by the sum of vertical components of the ﬁrst two right-
hand-side terms in (A1), which after exact cancellation of some intermediate terms, and integration by parts over an
inﬁnite horizontal plane results in the bracketed term on the right-hand-side of (7) but taken with the opposite sign.
